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Abstract

A parametric study, aiming to understand the effects of geometrical changes of an alternating horizontal or vertical
oval cross-section pipe to its thermal performance, is presented. Three geometrical parameters are examined. The study
is conducted by using computational fluid dynamics (CFD) and is focused on laminar flows only. The study shows that
it is very difficult to find an optimized geometry which can perform well for a wide range of Reynolds numbers. How-
ever, the results indicate that the current pipe, if well designed, can still perform much better than a circular pipe at the
flow conditions specified in this paper.
� 2005 Elsevier Ltd. All rights reserved.
1. Introduction

Heat exchangers are used in a wide range of indus-
trial as well as household devices, such as boilers, air
conditioners, refrigerators, etc. Hence, to improve the
performance of heat exchangers has been an active
and important research subject, and enormous efforts
have been made in the study of heat-transfer-improve-
ment techniques [1–5]. Since circular pipes are widely
used in heat-exchange devices such as tube bank in a
boiler, evaporator in a refrigerator, and radiators in a
heating system, to improve the heat-transfer perfor-
mance of pipes has been an important research subject,
and a variety of proposals have been offered in open
literature including sinusoidal wavy surface, optimal
variation of wall thickness, contraction–expansion–con-
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traction pipe insertion, and many others [6–8]. These
were proven to achieve a certain degree of improvement
over pipe�s thermal performance; however, some of them
involved geometries, which were difficult to be manufac-
tured or mass-produced. Guo et al. [9] proposed an
experimentally verified theory called �uniformity princi-
ple of temperature difference field�, which states that
the thermal performance of heat exchangers will be lar-
gely improved if higher degree of uniformity of temper-
ature gradient can be achieved. Later Tao et al. [10]
demonstrated that by reducing the angle between veloc-
ity and temperature gradient in the flow domain could
effectively increase the heat flux occurring on the bound-
aries. According to Tao�s theory, the problem associated
with the heat transfer in a circular pipe can be readily ex-
plained. For laminar fully developed pipe flow, both in
flow and temperature fields, the velocity vector becomes
almost vertical to the temperature gradient; hence the
field integration of the inner product of velocity and
ed.
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Nomenclature

Cp specific heat of fluid
d diameter of a circular pipe
da,db long and short diameters of an oval-cross-

sectional pipe
f friction coefficient of the alternating oval

pipe
fs friction coefficient of circular pipe
g gravity acceleration
l the length of a sectional unit, including a

transition section and a const cross-sec-
tion-area section

lt the length of a transition section
n direction normal to the wall
Nu Nusselt number
Nud averaged Nusselt number of the alternating

oval pipe
Nus averaged Nusselt number of circular pipe
p pressure
q heat flux

ra, rb long and short radii of an oval-cross-sec-
tional pipe

Re Reynolds number
T temperature
u,v,w velocity components in x, y, and z direc-

tions, respectively
x,y,z directions in Cartesian coordinates
k fluid conductivity

Greek symbols

q fluid density
l fluid dynamic viscosity
m fluid kinematic viscosity

Subscripts

ave averaged value
H high temperature
L low temperature
w value on the wall
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temperature gradient is very small. This would result in
very small heat-transfer rate on pipe�s wall since the first-
order derivative of temperature on the wall in the radial
direction is proportional to the field integration of veloc-
ity and temperature gradient�s inner product. To solve
this problem, measures need to be taken to offer a better
coordination between velocity and temperature gradi-
ent. This led to the development of an alternating hori-
zontal or vertical oval cross-section pipe [11] as shown in
Fig. 1 for the purpose of heat-transfer enhancement. As
seen, the entrance section of the pipe is circular with d in
diameter. It is bridged to a horizontally positioned ellip-
tical section by a transition section. This horizontal sec-
tion is then connected to a vertically positioned elliptical
section, again, via another transition section. The pat-
tern of this alternating horizontal and vertical section
arrangement is then repeated until end of the tube where
the final section becomes circular again. Here, the long
and short diameters of all elliptic sections are da and
db, respectively, while the length of a sectional unit,
including a transition section and a constant-area elliptic
section, is l. This pipe creates secondary flows, which re-
duces the angle between velocity and temperature gradi-
ent and it enhances rate of heat transfer. Guo [11]
measured that, at turbulent flows, this pipe could pro-
mote heat transfer up to 300% compared with a circular
pipe with only a moderate penalty of increase in skin
friction, ranging from 30% to 120%. This proved the
favorable heat-transfer performance of such configura-
tion. However, Guo�s measurement, mainly focused on
pipe�s overall heat-transfer rate and pressure drop,
did not include the details of the flow and temperature
fields, and the paper also missed report on the most
important geometrical factors contributing to heat-
transfer enhancement. Therefore, the authors conducted
numerical studies on both turbulent [12] and laminar
[13] flows in Guo�s geometry to shed some light into
the complex 3D flow in the pipe. In the instance of lam-
inar flow, Guo�s configuration remarkably promotes
rate of heat transfer 11 times the value of a circular pipe
at Re = 2000 with six times increase in the level of skin
friction. Of the special interest to engineers is the perfor-
mance or the effectiveness of a pipe, which can be eval-
uated by the ratio between the rate of heat transfer and
the magnitude of pressure drop. Using this standard,
Guo�s pipe generally achieves significant improvement
over a circular pipe. On the other hand, the improve-
ment becomes marginal when the flow becomes turbu-
lent. In both laminar and turbulent flows, the
computation showed that there were large axial separa-
tion bubbles in the transition section whenever the mag-
nitude of the increase on pressure drop was large. This
seems to suggest that the axial separation bubbles are
responsible for the dramatic increase on the level of
pressure drop, and the effectiveness of the alternating
horizontal or vertical oval cross-section pipe could be
improved by reducing the size of these separation bub-
bles. This motivates us to conduct a parametric study
to find better geometries, which can preserve the pipe�s
favorable heat-transfer performance and reduce the level
of pressure drop. In the present study, the focus is on
laminar flows with Reynolds number no greater than
2000. The problem associated with turbulence flows will
be addressed in some future papers.



x 

y 
r

dbda

d 

l l 

y 

z 

Fig. 1. The geometry of the alternating horizontal or vertical oval cross-section pipe.
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2. Physical model

The steady-state three-dimensional mass conserva-
tion, Navier–Stokes, and energy conservation governing
equations can be written as
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In Guo�s measurement, the working fluid was water, and
the difference between the maximum and minimum tem-
perature was less than 30 degree. Under this circum-
stance, all fluid properties q, l, Cp could be assumed
to be constants. In addition, the effect of body force in
the momentum equation is small and can be omitted.
The boundary conditions are (according to Fig. 1):

At inlet

u ¼ v ¼ 0; w ¼ w0; T ¼ TH ð6Þ

At outlet

ou
oz

¼ ov
oz

¼ ow
oz

¼ oT
oz

¼ 0 ð7Þ

On the wall

u ¼ v ¼ w ¼ 0; T ¼ T L ð8Þ

In Eqs. (6) and (8), TH and TL are high and low tem-
peratures, respectively. The use of constant wall
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temperature in Eq. (8) seems to oversimplify the wall
conditions in practical applications, where the tempera-
ture field outside the pipe might interact with that inside
the pipe, and create much more complicated wall condi-
tions than constant wall temperature. Hence, the results
reported in this paper can only be applied to those flows
with nearly constant wall temperatures.
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3. Numerical framework

Calculation reported herein have been performed
with the unstructured-mesh, fully collocated, finite-
volume code, �USTREAM� developed by the first named
author. This is the descendent of the structured-mesh,
multi-block code of �STREAM� [14]. Convection of
mean-flow as well as turbulence quantities is approxi-
mated with the scheme �UMIST� [15], a second-order
TVD implementation of the QUICK scheme of Leonard
[16]. Within this scheme, the transport solutions and the
pressure-correction equation are solved sequentially and
iterated to convergence, defined by reference to Euclid-
ean residual norms for mass, the moment components
and the temperature. A fully implicit scheme, with the
time variation approximated to second-order accuracy,
is incorporated to solve unsteady problems.
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Fig. 2. The distributions of averaged Nusselt numbers and
friction coefficients of the alternating horizontal or vertical oval
cross-section pipe and circular pipe: (a) Nusselt numbers and
(b) friction coefficients.
4. Results and discussion

In Guo�s experiment, the values of d, da, db, l and the
length of a transition section lt were 16.5 mm, 20 mm,
13 mm, 40 mm and 6 mm, respectively. The Reynolds
number Re is defined according to the geometry of the
initial circular-cross-section as w0d

m . This makes the en-
trance flow condition identical to a pure-circular pipe
at the same Reynolds number thus facilitates the com-
parison of the heat-transfer performance between the
alternating horizontal or vertical oval cross-section oval
pipe and its circular counterpart. Since this paper only
concerns laminar flow, the Reynolds number investi-
gated ranges from 500 to 2000, where the later value is
normally considered as the upper limit of the flow
remaining laminar in a circular pipe. Computation
showed that both flow and temperature fields become
periodical before the sixth sectional unit, hence, the final
computational domain comprises nine sectional units,
among which the eighth unit is taken for the analytical
purpose. The mesh size used in this paper is 80 ·
20 · 330 in radial, circumferential, and axial directions,
respectively. The associated grid-independence test has
been conducted and reported in [13], and there is no
need to document the details here.

To assess the accuracy of the present calculation, the
predicted variations of overall Nusselt number and fric-
tion coefficient with Guo�s original pipe are compared
with the experimental data in Fig. 2(a) and (b). Here,
Nusselt number is calculated as follows:

Nu ¼ qw
T ave

d
j

ð9Þ

where qw, Tave and j are the wall heat flux, sectional
averaged temperature and wall conductivity, respec-
tively. Wall heat flux qw is calculated as qw ¼ j oT

on, in
which n is the normal direction from the wall surface.
The averaged Nusselt number from a fully developed
laminar circular-pipe flow, a constant value of 3.66, is
also given in the plot. This value, well documented in
a number of heat-transfer textbooks [17], is independent
of Reynolds number as long as the flow remains lami-
nar. In addition to producing the experimental data,
Guo also performed computation with commercial
CFD code FLUENT, and the results are also cross-plot-
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Fig. 3. The distributions of Nusselt number and averaged
pressure along the alternating horizontal or vertical oval cross-
section pipe�s axial direction at Re = 1000: (a) Nusselt numbers
and (b) average pressure.
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ted in Fig. 2. As seen, the present calculation slightly
over predicts the Nusselt number at high Reynolds num-
ber, while Guo�s computation slightly under predicts this
quantity. But both results are in good agreement with
the data. Since the friction coefficient is in proportion
to pressure drop, one can estimate it by calculating the
friction coefficient as follows:

f ¼ Dp
1
2
qu20

d
l

ð10Þ

where Dp is the pressure difference at the inlet and outlet
of a sectional unit. The friction coefficient in circular
pipe is estimated from the following well-known equa-
tion for laminar flows:

fs ¼ 64=Re ð11Þ

It is noticeable that compared to the measurement, both
the present and Guo�s calculations generally underesti-
mates the level of friction coefficient. The reason for this
discrepancy is not clear. It is unlikely to be a numerical
problem since by testing runs for Re = 100–900, the cur-
rent numerical procedure is able to return circular-pipe
friction coefficients which are within 1% difference with
the values specified by Eq. (11). In contrast to Guo�s
numerical results, the present results seem to be in better
agreement with the data, both quantitatively and quali-
tatively. In a brief summary, this exercise shows that the
present calculation predicts well in terms of the averaged
Nusselt number but underestimates the magnitude of
friction coefficient.

The heat-transfer performance of Guo�s original pipe
has been well discussed in [13], and there is no need to
re-document it here. However, to convey the idea of
why three different geometric parameters are selected
for investigation in this paper; some major conclusions
are recited here. Compared to a circular pipe, at
Re = 2000, Guo�s configuration can achieve 10 times lar-
ger heat-transfer rate while the increase on the friction-
coefficient level is about six times. This has already been
a significant improvement over circular-pipe�s perfor-
mance. Fig. 3 depicts the variations of Nusselt number
and averaged pressure along the axial direction at
Re = 1000. Here, the value of the axial variation of the
pipe�s cross-section area is also plotted to serve as an
indication of where the transition section is located. As
shown in Fig. 3(a), the axial Nusselt number distribu-
tions indicate that the increase on heat-transfer rate is
largely attributed to the transitional sections, which raise
the level of heat transfer at some fixed locations along
the pipe. However, the distributions of averaged pres-
sure given in Fig. 3(b) suggest that they are responsible
to most of the pressure drop. Obviously, the transition
sections are of great importance to the overall perfor-
mance of this pipe. As a result, all the geometric para-
meters associated with transition section need to be
investigated. These include the ratio between the oval�s
long and short radii ra
rb
and the length of a transition sec-

tion lt. Apart from the two parameters concerning the
transition sections; Fig. 3(a) seems to imply that by
shortening the length of a sectional unit l i.e. letting
the transition sections appear more frequently along
the pipe, would further improve the overall heat-transfer
rate. Consequently, the parameter l is also selected for
investigation. In summary, the effects of three geometric
parameters, namely ra

rb
, lt, and l, are examined in this

paper.
Three different Reynolds numbers, 500, 1000, and

2000, respectively, representing low, medium, and high
Reynolds number are adopted for the current investiga-
tion. Furthermore, as shown in Table 1, each parameter
has eight different values. This means that there are typ-
ically 24 cases for any individual case group. However, a



Table 1
The values used for the three different parameters

1 2 3 4 5 6 7 8

ra/rb (lt = 6 mm, l = 40 mm) 1.2 1.35 1.44 1.53 1.64 1.75 1.87 2.0
lt, mm (ra/rb = 1.64, l = 40 mm) 6 8 10 12 14 16 18 20
l, mm (ra/rb = 1.64, lt = 6 mm) 12 16 20 24 28 32 36 40

1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 2
ra / rb

1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 2
ra / rb
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Fig. 4. The variations of averaged Nusselt number and friction
coefficient versus ra

rb
at different Reynolds numbers (l = 40 mm,

lt = 6 mm): (a) Nusselt numbers and (b) friction coefficients.
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small portion of cases do not yield a stable solution at
high Reynolds number, hence their results are not in-
cluded. In the following, the effects of changing these
parameters will be discussed separately.

4.1. The effects of ra
rb

As detailed in Table 1, the value of ra
rb
investigated in

this paper is in the range from 1.2 to 2.0. In this group of
cases, two did not return stable solutions, namely
ra
rb
¼ 1.87 and 2.0 at Re = 2000. Here, the higher the

value of ra
rb
is, the flatter an oval section becomes, signify-

ing that the degree of geometrical contraction and
expansion at the transition sections is more drastic. This
would result in an increase on both the amounts of
Nusselt number and friction coefficient due to extremer
geometrical changes at the transition sections. The vari-
ations of Nusselt number and friction coefficients versus
ra
rb
are given in Fig. 4. As expected, both quantities show

tendency of increase as the value of ra
rb
rises. In terms of

the Nusselt number distributions in Fig. 4(a), a general
tendency of all lines� variation can be described as: a
gentler ascending at low ra

rb
then followed by a steeper

one at medium ra
rb
, and finally the slope becomes tender

again at high ra
rb
. That is, there is a range of ra

rb
, where Nus-

selt number would react more sensitively to the changes
of ra

rb
. This range is located at lower ra

rb
scale for Re = 2000

and at higher scale for Re = 500. Regarding to the vari-
ations of friction coefficients in Fig. 4(b), all lines dem-
onstrate that the slope becomes steeper as the ra

rb
value

increases, denoting a rapid rise on the level of pressure
drop at high value of ra

rb
.

To evaluate the performance, or effectiveness, of the
current pipe, we use a performance factor (Nud/Nus)/
(f/fs), where Nus and fs respectively stand for Nusselt
number and friction coefficient in a circular pipe at the
same flow conditions as the current pipe. This factor is
essentially the ratio between the magnitudes of heat-
transfer rate enhancement and the friction-coefficient in-
crease. Hence, the larger this factor is, the better the
tube�s performance becomes. Fig. 5 shows the variations
of this factor. From the plot, one can see that the perfor-
mance of the alternating horizontal or vertical oval cross-
section pipe varies quite differently at different Reynolds
numbers. At low Reynolds number (Re = 500), it tends
to perform well at radical geometrical changes in the
transition sections. In contrast, it can only do well at
milder geometrical changes at high Reynolds number
(Re = 2000). According to the plot, one can estimate that
an alternating horizontal or vertical oval cross-section
pipe would have better performance if its ra

rb
value is in

the range from 1.44 to 1.64 for the Reynolds numbers
examined in this paper. Nevertheless, considering the fact
that the yielded Nusselt number is much higher at
ra
rb
¼ 1.64 than that at ra

rb
¼ 1.44, we fix the value of ra

rb
as

1.64 when conduct the rest two parametric investigations.
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4.2. The effects of lt

In addition to the aforementioned fixed ra
rb
value, the

length of a sectional unit is also fixed at 40 mm in this
group of cases. The longer the transition sections be-
come, the less severe their geometrical contraction and
expansion are. This would result in a smaller degree of
adverse pressure gradient at the expansion part of the
transition sections, and hence reduce the sizes of axial
separation bubbles. Therefore, the main purpose of per-
forming this set of test cases is to see whether elongating
the transition sections can actually be beneficial to the
reduction of pressure loss, especially at high Reynolds
numbers. Here, all cases yield stable solutions, allowing
us to examine the effects of lt in full spectrum.

Again, we discuss the effects of lt through the distri-
butions of Nusselt number, friction coefficient, and the
performance factor, and they are plotted in Fig. 6(a),
(b), and Fig. 7, respectively. The distributions of Nusselt
number and friction coefficient all show a tendency of
descending as the value of lt increases. Although elon-
gating the transition sections indeed reduces friction,
the undesired effect is the diminishing of the rate of heat
transfer. This is because the degree of geometrical con-
traction at the transition sections, which is the main fac-
tor of promoting heat transfer, is also reduced as the
transition sections get stretched. Now the remaining is-
sue is to see which one declines faster. This can be read-
ily evaluated from the distributions of performance
factor in Fig. 7. The plot shows that this quantity is rel-
atively flat for Re = 500 and 1000, indicating that both
friction coefficient and Nusselt number are declining at
similar rate. In contrast, the line for Re = 2000 reveals
a peak near lt = 14 mm, and there is a significant differ-
ence between the minimum and maximum values. Here,
the minimum value is located at lt = 6 mm, which is one
of the original geometrical measures in Guo�s configura-
tion. This has clearly demonstrated that by elongating
the transitions section can improve the effectiveness of
the pipe at high Reynolds number. The reason why it
is particularly beneficial to pipe�s performance at high
Reynolds number is because the axial separation bubble
at Re = 2000 is very large, occupying a major portion of
the expanding part of the transition section and extend-
ing to some distance downstream into the constant-area
section (see [13]). The separation bubble then decreases
in size dramatically with the increase on lt, especially
in the range between lt = 6 mm and 10 mm. It becomes
very small when lt is larger than 14 mm. In Fig. 6(b),
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one can see that the friction coefficient for Re = 2000 de-
clines rapidly in the range between lt = 6 mm and 10 mm
then it declines much gentler when lt = 14 mm. That is,
fast decline on friction coefficient corresponds to rapid
reduction in the size of the separation bubble. A similar
behavior is also observed for Re = 1000. In terms of
Re = 500, the size of the separation bubble is already
very small at lt = 6 mm, and it almost disappears when
lt = 8 mm. The distinct decline rates observed in
Re = 2000 becomes much less pronounced in the fric-
tion-coefficient distributions, which seems to be more
linear, for Re = 500 (see Fig. 6(b)). Although it is very
difficult to calculate the percentage of pressure drop con-
tributed by the separation bubble, from the above obser-
vations, it is reasonable to argue that the size of the
separation bubble plays a very important role on the
magnitude of friction coefficient. A slight reduction in
the separation bubble size can significantly reduce the
pressure drop, hence improving the pipe�s performance.

4.3. The effects of l

In this group of test cases, ra
rb
and lt are fixed at 1.64

and 6 mm, respectively. Under this circumstance, short-
ening the length of unit sections literally raises the
length, in percentage, of the transition section with re-
spect to a sectional unit. Since the transition section is
the major contributor to the enhancement of heat trans-
fer, this is expected to increase the overall heat-transfer
rate of the pipe. Unfortunately, the level of friction coef-
ficient will be increased due to the same reason. In this
group, the length of a sectional unit is shortened gradu-
ally from the original length of 40 mm to 12 mm, in
which the percentage of the transition section of the
shortest one reaches 50% of the total length of a
sectional unit. In this group, there are two cases failing
to return stable solutions, namely l = 12 mm and
16 mm for Re = 2000.

Again, the discussions here will be based on the distri-
butions of Nusselt number, friction coefficient, and the
performance factor, which are depicted respectively in
Fig. 8(a), (b), and Fig. 9. In terms of heat-transfer
enhancement, an astonishing result can be seen in
Fig. 8(a), which indicates that Nusselt number can reach
a value higher than 70 for l = 20 mm and Re = 2000.
This is an increase of more than 20-folds when compared
with that for a circular pipe. Additionally, there are also
significant increases on the magnitude of Nusselt number
for the other two Reynolds numbers when l is reduced.
This proves that, while fixing the length of the transition
section, reducing the overall length of a sectional unit is
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indeed a very effective way to promote heat transfer.
However, the similar problem discussed in the previous
sub-sections also occurs here: a gain on the magnitude
of Nusselt number is normally accompanied by an in-
crease in the pressure drop. Fig. 8(b) shows that the slope
of friction is especially steep at small l, where the gain in
Nusselt number is most significant. To balance the gain
in heat transfer and the loss of pressure, one needs to
see the distributions of the performance factor given in
Fig. 9. As seen, for all Reynolds numbers, the variation
of this quantity is moderate over the range of l investi-
gated. Nevertheless, it is still noticeable that the ratio
has maximum values at l = 28 mm for Re = 2000 and
l = 20 mm for Re = 1000, respectively. In terms of
Re = 500, it seems that the performance factor does
not reach the maximum value yet even at the lower limit
of l = 12 mm. This is an echo to the observation in the
parametric investigation of ra

rb
, which again demonstrates

that the alternating horizontal or vertical oval cross-sec-
tion pipe performs well at radical geometrical changes at
low Reynolds number, while it can only do so at moder-
ate geometrical changes at high Reynolds numbers.
5. Conclusions

A numerical parametric study has been conducted to
investigate the effects of three geometrical parameters on
the heat-transfer performance in an alternating horizon-
tal or vertical oval cross-section pipe. The parameters
examined are the ratio between oval�s long and short ra-
dii ra

rb
, the length of a transition section lt, and the length

of a sectional unit l. The main conclusions can be sum-
marized as follows:
1. Both Nusselt number and friction-coefficient increase
as the value of ra

rb
rises. However, regarding the effec-

tiveness of the pipe, which is evaluated by the ratio
between the magnitudes of increases in Nusselt num-
ber and friction coefficient, the calculations show that
at low Reynolds number, the pipe can have better
performance at high ra

rb
value (2.0 for Re = 500) but

at high Reynolds number, it can only do so at mod-
erate ra

rb
value (1.44 for Re = 2000).

2. While fixing the values of l (at 40 mm) and ra
rb

(at
1.64), stretching the transition section will reduce
both the magnitudes of Nusselt number and friction
coefficient. Here, the performance factor indicates
that the pipe reaches its maximum effectiveness at
lt = 14 mm for Re = 2000. For Re = 1000 and 500,
the variation of lt seems to pose little influence on
the effectiveness of the pipe.

3. When both the values of lt and
ra
rb
are fixed, shortening

the length of a sectional unit is a very effective way to
enhance heat transfer. Here, the Nusselt number
reaches a staggering high level of 74 at l = 20 mm
and Re = 2000. Unfortunately, the gain on the Nus-
selt number is compromised by the steep rise of fric-
tion coefficient. The distributions of the performance
factor demonstrate that the best balance between the
two is at l = 28 mm, 20 mm, and 12 mm for
Re = 2000, 1000 and 500, respectively. This again
shows that the performance of the alternating hori-
zontal or vertical oval cross-section pipe varies quite
widely at different Reynolds number.

From the above conclusions, one can realize that it is
very difficult to design an alternating horizontal or ver-
tical oval cross-section pipe which will perform equally
well at a wide range of Reynolds numbers. It is only
possible to come up with an optimized design at a fixed
Reynolds number, and the study conducted here has
provided very useful information to accomplish that.
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